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' Abstract. We study in this paper the cluster category C(s,j\/) of a 

^ I marked surface (S, M) without punctures. We exphcitly describe the 

3 ■ objects in C(s_m) ^-s direct sums of homotopy classes of curves in {S, M) 

and one-parameter families related to closed curves in (S, M). Moreover, 
C^^ , we describe the Auslander-Reiten structure of the category C(^s.m) in 

geometric terms and show that the objects without self-extensions in 
C{s,M) correspond to curves in [S, M) without self-intersections. As 
L,', a consequence, we establish that every rigid indecomposable object is 

_y ' reachable from an initial triangulation. 

-)— > 



O 



1. Introduction 



We study in this paper the cluster category of a marked surface: Consider 
CN ■ a compact connected oriented 2-dimensional bordered Riemann surface S 

^ \ and a finite set of marked points M lying on the boundary of S with at 

*vj ' least one marked point on each boundary. In [11] a cluster algebra A{S^M) 

Tj- ■ is associated to the marked surface (5, M). The initial seed of A{S,M) 

CN \ corresponds to a triangulation F of {S,M), and the mutation of a cluster 

lO ' variable corresponds to the flip of an arc in the triangulation (see [12] for 

^^ , the definition of a cluster algebra). The cluster algebra, defined by iterated 

mutations, thus is independent of the chosen triangulation F of {S,M). 

The cluster category C(^s,M) providing a categorification of the algebra 
A{S,M) has been defined in [1]. In fact, in [22, 2] a quiver with potential 
^\ ' {Qr,Wr) has been defined for each triangulation F of {S,M). Since the 

j^ . Jacobian algebra J{Qr,Wr) is finite-dimensional, one can use [1] to define 

the cluster category Cp associated to F. By [20, 11, 22], this category Cp does 
not depend on the triangulation F of (5, M) and is just denoted by C(^s^m) 
(more precisely, Cp is triangle equivalent to Cp' if F' is another triangulation 
of(5,M)). 

Cluster categories associated to quivers are object of intense investigation 
(see for example [14, 8, 4, 5, 7, 15, 3]) and are understood explicitly in terms 
of representations of the quiver. The category C(5^m)) defined by a quiver 
with potential, is however quite difficult to compute and only a few cases 
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of surfaces allow direct calculations. The aim of this paper is to provide an 
explicit description of the objects and the irreducible morphisms in the cat- 
egory C(^s,M) ™ terms of the surface {S,M), independent of the choice of a 
triangulation. In fact, the category C(s^m) is closely related to module cate- 
gories of string algebras, and a well-know classification theorem [6] describes 
all modules over a string algebra by listing the indecomposable modules in 
a list of string modules and a collection of band modules. Similarly, the in- 
decomposable objects of C(5 jvf) can be described as belonging to two classes 
which we call string objects and band objects. The cluster categories C(5^m) 
are fc— categories where k denotes a fixed algebraically closed field. More- 
over they are Krull-Schmidt, thus it is sufficient to classify indecomposable 
objects up to isomorphism. 

Theorem 1.1. A parametrization of the isoclasses of indecomposable objects 
in Cfg^M) is given by "string objects" and "band objects", where 

(1) The string objects are indexed by the homotopy classes of non-contractible 
curves in {S, M) which are not homotopic to a boundary segment of 
{S,M), subject to the equivalence relation 7 ~ 7"^. 

(2) The band objects are indexed by k* xIl*{S, M)/ ~, where k* = k\{0} 
andIli{S,M)/ ~ is given by the non-zero elements of the fundamen- 
tal group of (S, M) subject to the equivalence relation generated by 
a ^ a~^ and cyclic permutation. 

The boundary of the surface S consists of a collection of disjoint circles, 
each one inheriting an orientation from the orientation of S. Given any 
curve 7 in (S*, M), we denote by s7 the curve obtained from 7 by moving its 
starting point clockwise to the next marked point on the boundary. Likewise, 
moving the ending point of 7 clockwise along the boundary to the next 
marked point, one obtains a curve 7e from 7. These moves establish the 
irreducible morphisms between string objects, as explained in the following 
theorem. Note that in the special case where 5 is a disc, this description 
of irreducible morphisms has been given in [8] , establishing one of the first 
categorifications of a cluster algebra (of type A) . 

Theorem 1.2. Let j be a non-contractible curve in {S,M) which is not 
homotopic to a boundary segment of (S,M). Then there is an AR-triangle 
"i-^ ^(S,M) ^^ follows, where ^7 or 7e are zero objects in C(^s,M) ^/ ihey are 
boundary segments: 

7 > sl®le > sle > 7[1]- 

Moreover, all AR-triangles between string objects in Ctg^M) ^^^ of this form. 

We obtain also the AR-translation in the cluster category Cis^m)'- 

Proposition 1.3. The AR-translation in Ctg^M) ^-^ given by simultaneous 
counterclockwise rotation of starting and ending point of a curve to the next 
marked points at the boundary. 
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Moreover, from Theorem 1.2 one can deduce the shape of the AR-compon- 
ents in the category C(^s,M)- ^^ fact, each boundary component of S with t 
marked points gives rise to a tube of rank t in Cts,M) ■ A-h other components 
formed by string objects are composed of meshes with exactly two middle 
terms. 

We also study the effect of a change of the triangulation. It is well-known 
that any two triangulations of {S, M) can be transformed into each other 
by a sequence of flips /i(r) which locally change one arc in F. On the other 
hand, each triangulation yields a cluster-tilting object T in C(s^m)j and there 
one can apply mutations Hi(T) locally changing one summand. We show 
that these two operations are compatible: 

Theorem 1.4. Each triangulation T of {S,M) yields a cluster-tilting object 
Tr in Ci^s,M) > ^'^'^ 

We then study the relation between extensions in the category C(^s^m) 
and intersections of the corresponding curves. Given any two curves in 
{S, M) with intersections, we explicitly construct one or two new curves, 
sometimes resolving the intersection, and sometimes increasing the winding 
number. These new curves serve as middle term of certain non-split short 
exact sequences which allow to prove the following theorem and corollary: 

Theorem 1.5. Curves in (S,M) without self-intersections correspond to 
the objects without self-extensions in Cfs,M)- 

Corollary 1.6. There is a bijection between triangulations of{S,M) and 
cluster-tilting objects of C(5 jv/) . In particular, each indecomposable object 
without self-extension is reachable from the cluster-tilting object Tp (the ini- 
tial cluster-tilting object). 

This paper is organized as follows: we first describe in section 2 the inde- 
composable objects in Ctg^M)-, using the description of modules over a string 
algebra. In section 3 we describe the irreducible morphisms in Ctg^M) and 
study the shape of its AR-components. Section 4 is devoted to compare the 
effect of a flip of an arc in the triangulation and a mutation of the corre- 
sponding cluster-tilting object. We also compare it to results obtained for 
decorated representations of quivers with potential. Finally, in section 5 we 
prove that curves without self-intersections correspond to objects without 
self-extensions in Cig^]^\ and we establish the bijection between triangula- 
tions and cluster-tilting objects. 

Jie Zhang wishes to thank Claire Amiot and Yann Palu for interesting 
discussions on this problem. 

2. Indecomposable objects in Ci^s,m) 

In this section, we choose a triangulation F of (S*, M), and by studying 
the corresponding Jabobian algebra, we give a geometric characterization 
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of the indecomposable objects in Ctg^M)- By a curve in {S,M)^ we mean 
a continuous function 7 : [0, 1] ^- S" with 7(0), 7(1) € M. A closed curve 
is one with 7(0) = 7(1), and a simple curve is one where 7 is injective, 
except possibly at the endpoints. For a curve 7, we denote by 7"^ the 
inverse curve 7^^ : [0,1] — ?• S*, t 1— > 7(1 — t). We always consider curves 
up to homotopy, and for any collection of curves we implicitly assume that 
their mutual intersections are minimal possible in their respective homotopy 
classes. We recall from [11] the definition of a triangulation: 

Definition 2.1. An arc 5 in {S,M) is a simple non-contractible curve in 
(S, M). The boundary of 5 is a disjoint union of cycles, which are subdivided 
by the points in M into boundary segments. We call an arc 5 a boundary 
arc if it is homotopic to such a boundary segment. Otherwise, 6 is said to 
be an internal arc. A triangulation of {S, M) is a maximal collection T of 
arcs that do not intersect except at their endpoints. We call a triangle A in 
r an internal triangle if all edges of A are internal arcs. 

Proposition 2.2 ([11]). In each triangulation of (S,M), the number of 
internal arcs is 

n = 6g + 3b + c — 6 

where g is the genus of S, b is the number of boundary components, and 
c = |M| is the number of marked points. 



2.1. The quiver vi^ith potential (Qr,Wr). We recall from [2, 22] that 
each triangulation T of {S, M) yields a quiver Qr with potential Wr'- 

(1) Qr = (QojQi) where the set of vertices Qq is given by the internal 
arcs of r, and the set of arrows Qi is defined as follows: whenever 
there is a triangle A in T containing two internal arcs a and b, then 
there is an arrow p : a — )■ 6 in Qi if a is a predecessor of b with 
respect to clockwise orientation at the joint vertex of a and 6 in A. 

(2) Every internal triangle A in F gives rise to an oriented cycle Oa/^aTa 
in Q, unique up to cyclic permutation of the factors Oaj/^ajTa- We 
define 

Wr = ^Oa/^aTa 

A 

where the sum runs over all internal triangles A of F. 
Unless we compare two different triangulations, we omit the subscript and 
denote the quiver with potential defined by F just with {Q,W). We refer 
to [10] for more details on quivers with potentials, such as the definition of 
the Jacobian algebra J{Q, W) associated to {Q, W). From [2] we know that 
J{Q, W) is a finite-dimensional string algebra provided {Q, W) is defined by 
a triangulation of a marked surface as above. 

Moreover, we denote by A(q (4/) the corresponding Ginzburg dg-algebra 
(see [13] for more details), and denote by L'(A(qj^)) its derived category (see 
[17]). The cluster category Cr = C((5,VK) associated to {Q,W) is defined in 
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[1] as the quotient of triangulated categories PerA(Q (4/)/L'^(A(-Qjy)) where 
PerA(Qj^) is the thick subcategory of D(A(-q y^/)) generated by A(q yj/) and 
L'^(A(Qj^)) is the fuU subcategory of D(A(q ^y)) of the dg-modules whose 
homology is of finite total dimension. 

Theorem 2.3 ([1],[21]). If {Q, W) is a quiver with potential whose Jacobian 
algebra J{Q, W) is finite- dimensional, then 

(1) Cr is 2-Calabi-Yau, Horn-finite and the image Tr of the free mod- 
ule A(-Qjy-) in the quotient Per K(^q^i^/D^{K(^q y^^) is a cluster-tilting 
object. 

(2) Cr/Tr is equivalent to viiodJ{Q,W), the category of finite dimen- 
sional modules over J(Q,W). Moreover, the projection functor Cr — > 
mod J{Q, W) is given by Ext^ (Tp, — ). 

As explained in the introduction, the category Cr is (up to triangle equiv- 
alence) independent of the choice of a triangulation of {S, M), and is there- 
fore denoted by C(s^m)- Moreover, it is a Krull-Schmidt category, so it 
is sufficient to describe all indecomposable objects up to isomorphism in 
order to describe its objects. From Theorem 2.3(2), the indecomposable ob- 
jects in C(^s,M) ^'^^ either indecomposable modules over the Jacobian algebra 
J((5, W) or one of the IQol =6^-1-36-1- \M\ — 6 summands of Tp. In order 
to give a description of all indecomposable objects in CrgM)-, '^e first study 
the Jacobian algebra J{Q,W). 

2.2. The string algebra J (Q,W). In this subsection, we recall some basic 
definitions related to string algebras and prove Theorem 1.1. Recall from [6] 
that a finite-dimensional algebra ^ is a string algebra if there is a quiver Q 
and an admissible ideal / such that A = kQ/I and the following conditions 
hold: 

(51) At each vertex of Q start at most two arrows and stop at most two 
arrows. 

(52) For each arrow a there is at most one arrow /3 and at most one arrow 
5 such that a/3 / and 5a /. 

Given an arrow /5 G Qi, let s(/3) be its starting point and e(/3) its ending 
point. We denote (3~'^ the formal inverse of /5 with s{fi~'^) = e(/3) and 
e{j3~^) = s{/3). A word w = a„an-i • • • Q^i of arrows and their formal 
inverses is called a string if Oj+i ^ a^ , eiai) = s(ai_|_i) for all 1 < i < n — 1, 
and no subword nor its inverse belongs to /. Thus a string w can be viewed 
as a walk in the quiver Q avoiding the zero relations defining the ideal /: 

ai 02 a„_i ttn 

W : X\ X2 Xn-\ Xn X„+i 

where Xi are vertices of Q and Oj are arrows in either direction. We denote 
by s{w) = s{a\) and e(w) = e(a„) the starting point and the ending point 
of w, respectively. For technical reasons, we also consider the empty string 
which we also call zero string. A string w is called cyclic if the first vertex 
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xi and the last vertex Xn+i coincide. A hand b = a„a„_i • • • 0201 is defined 
to be a cyclic string b such that each power 5'" is a string, but b itself is not 
a proper power of any string. Thus b can be viewed as a cyclic walk: 



b ■ X 






02 
X2 XZ ■ 



"3 



-X4 



Xn ■ 



■X7 ■ 



a& 



-X6 



N"4 
/as 



We recall from [6] that each string w in A defines a string module M(w) 
in mod^. The underlying vector space of M{w) is obtained by replacing 
each Xi in u) by a copy of the field k. The action of an arrow a of Q on 
M{w) is induced by the relevant identity morphisms if a lies on w, and 
is zero otherwise. For the zero string 0, we let M(0) be the zero module. 
Each band b defines a family of band modules M(b,n, (j)) with n S N and 
(j) € Aut^k"") by replacing each Xj in 6 a copy of the vector space /c", and 
the action of an arrow a on M{b, n, (j)) is induced by identity morphisms if 



a 



aj for j = 1, 2 . . . n — 1 and hy (p if a = On (see [6]). 



Let r be a triangulation of the marked surface (5, M), and denote by 
(Q, W) the corresponding quiver with potential. In [2] the strings and bands 
of J{Q, W) are related to the curves and simple closed curves respectively 
in (S, M) : For two curves 7', 7 in (S, M) we denote by 1(7', 7) the minimal 
intersection number of two representatives of the homotopic classes of 7' and 
7. For each curve 7 in (S, M) with d = X^^/gr -^(t'i t) '^^ fix an orientation 
of 7, and let xi, X2, ... , x^ be the internal arcs of F that intersect 7 in the 
fixed orientation of 7, see Figure 1. 




Figure 1 

Here we denote by 5(7) = 7(0) the start point of 7, and by 6(7) = 7(1) 
its endpoint. Start and end point of 7 lie on the boundary, indicated by 
the circles in Figure 1. Along its way, the curve 7 is passing through (not 
necessarily distinct) triangles Aq, Ai, . . . , A^- Thus we obtain a string w{'y) 
in J{Q,W): 

ai a2 OLd-2 "d-i 
w;(7) : xi X2 Xd-2 a^d-i x^. 



We recall from [2] the following result concerning the map 7 1-^ 1^(7): 
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Theorem 2.4. LetT be a triangulation of a marked surface (5, M). There 
exists a bijection^ i— )• w{'y) between the homotopy classes of non-contractible 
curves in (S, M) not homotopic to an arc in T and the strings of J(Q, W). 

Similarly, each closed curve 6 in 5 defines a cyclic walk in J{Q, W). If b 
is not a proper power of any element in Ili{S,M), then it defines a band 
w{b). 

Example 2.5. We consider an annulus with two marked points on each 
boundary and a triangulation T with internal arcs 1, 2, 3, 4, 5 as follows: 




Figure 2 

The associated quiver Qr is cluster-tilted of type A4 with potential VFp 

a(39: 

2 4 




/3/ 



The fundamental group of an annulus is isomorphic to Z, and we fix a 
simple closed curve b as generator. From Figure 2 we obtain w{'~f) and w{b) 
as follows: 



w{'y) : 3 



1 



w{b) : 



1^ N. 



Proof of Theorem 1.1. Let F be a triangulation of (5, M). As explained 
in section 2.1, the indecomposable objects in Ctg^M) ^-^e either given by inde- 
composable modules over the Jacobian algebra J{Q, W), or they correspond 
to the indecomposable summands of Tp, thus to the internal arcs in F. The 
(finite-dimensional) indecomposable modules over a string algebra A are 
classified in [6]: Each indecomposable A— module is (isomorphic to) a string 
or a band module. The string module M{w) is isomorphic to the string 
module M{w~^) defined by the inverse string u;~^, and the band module 
M(6, n, (j)) is isomorphic to M{b' , n, (j)) whenever b' is obtained from b by in- 
versing or cyclic permutation. Apart from that, there are no isomorphisms 
between string or band modules. 
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Thus each non-contractible curve 7 which is not homotopic to a bound- 
ary segment of {S,M) corresponds to an indecomposable object in C(^s,M)- 
In case 7 is not an internal arc in F, it corresponds to the string module 
M(w{'j)). From Theorem 2.4 and what we have discussed above we con- 
clude that two such curves 7, 6 are isomorphic as objects in C(^s^m) precisely 
when 7 is homotopic to 5 or to its inverse 6^^. We refer to these objects as 
the string objects or curves in {S,M), as described in part (1) of Theorem 
1.1. 

The remaining indecomposable objects in Crg^M) correspond to the band 
modules M{b,n,(f>) over J{Q,W), we refer to them as band objects. They 
are parametrized by a positive integer n, an automorphism of fe" which 
is given by an element of k* since k is algebraically closed, and a band b 
of J{Q,W). The fundamental group Ili{S,M) is a free group with a finite 
number of generators which are given by closed simple curves in S. In order 
to avoid counting curves with opposite orientation twice we consider the 
elements in 111(5*, M) up to the equivalence relation a ~ a~^. 

Moreover, to comply with the definition of a band module, we write each 
element a in Ili(S,M) as a = 6" (multiplicatively written) for some b £ 
Ili{S,M) which itself is not a proper power of an element in Ili{S,M). 
Furthermore, we consider the elements of Hi (5, M) up to cyclic permutation 
of their factors. Then it is clear that the band modules M(b, n, (p) over 
J(Q, W) correspond bijectively to k* x Ul{S, M)/ ~, where 0^(5*, M)/ ~ is 
given by the non-zero elements of the fundamental group of (S*, M) subject 
to the equivalence relation generated by a ~ a~^ and cyclic permutation. 
This is the description of the band objects in Cig^M) given in part (2) of 
Theorem 1.1. □ 

3. Irreducible morphisms in C(^s,m) 

Based on the geometric characterization of the indecomposable objects 
in Cts,M) ™ ^^^ previous section, we study in this section the irreducible 
morphisms in Ctg^M)- 

3.1. The AR-quiver of a string algebra. We first recall some basic def- 
initions from [6]. Let A = kQ/I be a finite-dimensional string algebra with 
Q = (Qo) Qi) a-iid S the set of all strings in A. A string w starts {or ends) 
on a peak if there is no arrow a € Qi with wa G S (or a^'^w G S); like- 
wise, a string w starts [or ends) in a deap if there is no arrow /3 € Qi with 
w/?-^ G S (or (3w eS). 

A string w = aia2 ■ ■ ■ ctn with all Oj G Qi is called direct string, and a 
string of the form w~^ where ti; is a direct string is called inverse string. 
Strings of length zero are both direct and inverse. For each arrow a £ Qi, 
let Na = UaCiVa be the unique string such that Ua and Va are inverse strings 
and Na starts in a deep and ends on a peak (see the following figure). 



Nc,: -- 
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If the string w does not start on a peak, we define Wh = waVa and say 
that Wh is obtained from w by adding a hook on the starting point s{w). 
Dually, if w does not end on a peak , we define hW = Va^^a~^w and say 
that hW is obtained from w by adding a hook on the ending point e{w) (see 
the following figure). 



h 



'^h- ■ „r~{ — ••■■■• — ~*\ hW : z 




Vc, 



s(w)) e(w) ' s{w) e(w) 




Suppose now that the string w starts on a peak. If w is not a direct 
string, we can write w = ti'c/?~^7i72 • • • 7r = Wc(3~^Ug for some /? € Qi 
and r > 0. We say in this case that Wc is obtained from w by deleting a 
cohook on s{w). If ttj is a direct string, we define Wc = 0. Dually, assume 
that w ends on a peak. Then, if w is not an inverse string, we can write 
w = 7~"^ • • • 72~ 7i PcW = UpPcW for some /3 G Qi and r > 0. We say that 
cW is obtained from w by deleting a cohook on e{w), and if w is an inverse 
string, we define cW = Q (see the following figure). 

T 7 

P ■ e(w) s(w) 

The following theorem summarizes the results from [6] concerning AR- 
sequences between string modules: 

Theorem 3.1 ([6]). For a string algebra A, let w be a string such that M{w) 
is not an injective A— module. Then the AR-sequence starting in M{w) is 
given 

(1) if w neither starts nor ends on a peak by 

— > M{w) -^ M{wh) © M{hw) -^ M{hWh) -^ 0, 

(2) if w does not start but ends on a peak by 

— > M{w) — > M{wh) © M{cw) — > M{cWh) — > 0, 

(3) if w starts but does not end on a peak by 

— > M{w) — > M{wc) © M{hw) — > M{hWc) — > 0, 

(4) if w both starts and ends on a peak by 

— > M{w) — > M{wc) © M{cw) — > M{cWc) — > 0. 
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Remark 3.2. (1) Each arrow a (z Qi defines a string N^ = UaCiVa 

which starts in a deep and ends on a peak. Then w = Ua does not 
start but ends on a peak, hence we have an AR-sequence by the above 
theorem: 

— > M{w) — > M{wh) e M{cw) — > M{cWh) — > 0. 

Here M{cw) = since w is an inverse string, and Wh = N^ and 
cWh = c{^a) = Va by definition. Hence, for each a ^ Qi, there is 
an AR-sequence with an indecomposable middle term in vnodA: 

> M{Ua) -^ M{Na) -^ M{Va) > 0. 

In fact, the AR-sequences between string modules which admit only 
one direct summand in the middle term are indexed by the arrows 
in Q (see [6]). 

(2) // the string module M{w) is injective, then w both starts and ends 
on a peak, thus we can write 

w = J~^^~\ ■ ■ ■ Ji^/3i(32 ■ ■ ■ /3s-i/3s or 
w = [/^,/3i/32 • • • /3,_i/3, = 7rSr-i • • • li'U-' 

where r + s > 1, hence cW = Jr^lr-i " 'I2 -,^0 = h' ■ ■ (^s-il^s, o,nd 
M{w)/Soc{M{w)) = M{cw) © M{wc) which yields two irreducible 
morphisms M{w) — > M{cw),M{w) — > M{wc). Moreover, cWc = 
ciwc) = {cw)c is the empty string, hence M{cWc) is the zero module. 
Thus one might say that the case where M(w) is injective is contained 
in the case (4) of the above theorem,. 

(3) The number of indecomposable summands in the middle term of an 
AR-sequence between string modules is at most two. 

3.2. Irreducible morphisms in J{Q, W). We now fix a triangulation T = 

{''"1) ''"2 5 ■ ■ -Tn, Tn+i, . . . , Tn+rn} of the marked surface (5, M) where ti, . . . , t„ 
are internal arcs and r„+i, . . . , T„+m are boundary arcs. The aim of this 
subsection is to describe the AR-quiver of the string algebra J{Q, W) in 
terms of objects in ^(5 j\^), which we identified with curves and closed curves 
in {S,M). A curve 7 in {S,M) defines a string w{'y) in J{Q,W) (which is 
empty if 7 is contractible or homotopic to an arc in F) , and consequently a 
string module M{w{'y)) in mod J{Q, W) (which is zero if 7 is contractible or 
homotopic to an arc in T). We use the notation M{'y) for M{w{'y)) and from 
the discussion in Section 2 we know that the string module M{'y) is the image 
of 7 under the projection functor Ext^^(Tr, — ) : C(^s,M) ~^ ™od J{Q, W). 

To define elementary moves on curves in {S, M) we use the fact that the 
orientation of S induces an orientation on each boundary component of S: 
For any curve 7 in (S, M) we denote by ^7 the Pivot elementary move of 
7 on its starting point, meaning that the curve ^7 is obtained from 7 by 
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moving the starting point 5(7) clockwise to the next marked point b on the 
same boundary (note that b = s{'y) if there is only one marked point lying 
on the same boundary). Similarly, we denote by je the Pivot elementary 
move of 7 on its ending point, see Figure 3. Iterated Pivot elementary moves 
are denoted s^e = sile) = (s7)e, s^l = s(s7) and 7e2 = (7e)g, respectively. 




Figure 3 

Lemma 3.3. Let T be a triangulation of a marked surface {S,M), and let 
'J be a curve in {S,M) such that the string w{'y) of J{Q,W) is non-empty. 

(1) If w{'y) does not start on a peak, then w{sj) is obtained by adding 
a hook on s{w{'y)). Thus w{s^) = w{'y)h and there is an irreducible 
morphism in Ta.odJ{Q^W) : M{"f) — > M{s^)- 

(2) If w{'y) does not end on a peak, then w{'ye) is obtained by adding a 
hook on e{w{'~f)). Thus w(7e) = h'w{'y) and there is an irreducible 
morphism in mod J {Q,W) : M{'y) — > M(7e). 

Proof. We only prove (1) since (2) is obtained dually. 




Figure 4 



As shown in Figure 4, we denote by tj^ , tj. 



Tij the internal arcs of F 



that intersect 7. Let b be the marked point lying clockwise next to 5(7) 
on the same boundary component. Since 7 does not start on a peak, 
there exits an arrow a : Tig —^ ti^ in Q such that w{'^)a is a string in 

. . . , Tj^ be all inter- 
and which are suc- 



J{Q.,W)., for some internal arc tjq G F. Let r- 
nal arcs in F which intersect r,- 



in the vertex 5(7) 



cessors of tj^, with respect to clockwise orientation at the common vertex 

/32 , • • • , /3r the arrows of Q induced by the inter- 
j,. Then w{si) = w;(7)a/3r ^2"^ • • • /3r"^ = w{-f)aVo, 
where Va = (ii P2 ' ' ' f^r^- This means that w{sj) is obtained from w{'y) 
by adding a hook on s{w{^)). By Theorem 3.1 there is an irreducible mor- 
phism: M(7) — > M{s-i) in mod J{Q, W). D 



5(7). We denote by /3i 

1 



nal arcs Tjq , r. 
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Lemma 3.4. Let T he a triangulation of a marked surface {S,M), and let 
'J be a curve in {S,M) such that the string w{'y) of J{Q,W) is non-empty. 

(1) Ifw{'y) starts on a peak, then w{sj) is obtained by deleting a cohook 
on s{w{'y)). Thus w{s^) = w{'y)c and ifw{'y)c is non-empty there is 
an irreducible morphism in mod, J {Q,W) : M{'y) — > M{sj)- 

(2) If w{'y) ends on a peak, then w{'ye) is obtained by deleting a cohook 
on e{w{'y)). Thus w^je) = c'w{'~f) and if cw{'y) is non-empty there is 
an irreducible morphism in mod J{Q,W) : M{'y) — > M{'~fe). 

Proof. As before we only prove part (1) of the Lemma. 




Figure 5 

We denote by b the marked point lying clockwise next to ,5(7) on the 
same boundary. We further denote by tj^ , tjj , . . . , tj^ the internal arcs that 
intersect 7 in the order indicated in Figure 5. Since w{^) starts on a peak, 
there is an r > 1 such that the arcs r,^ , r, 



22! ■ 



Tj , , intersect in the vertex 
b and induce arrows f3i, /32, . . . , /3r in Qi as shown in Figure 5. We choose r 
to be maximal and distinguish the following cases: 

(1) If r + 1 = d then w{'y) is a direct string and w(s7) = w{'y)c is the 
empty string. 

(2) If r + 1 < d then by maximality of r there is an arrow a in Qi 
from Tj^^2 to Tj,,^j. Since 7 starts on a deep, rjp is a boundary arc 
which implies U~^ = /3r/3r— 1 •••/3i. Moreover, we know 1^(7) = 
woa~^/3r/3r-i ■ ■ ■ /3i = woa^^U^^. Thus w(s7) = wq which means 
that w{s^) is obtained by deleting a cohook on s{w{'y)). If ^(^7) is 
non-empty, we obtain by Theorem 3.1 that there is an irreducible 
morphism in mod J {Q,W) : M('y) — > M(s7). 

D 

Theorem 3.5. Let T be a triangulation of a marked surface {S,M), and let 

'J be a curve in {S,M). Then each irreducible morphism in m.odJ{Q,W) 
starting in M^j) is obtained by Pivot elementary moves on endpoints of ^. 
Moreover, all AR-sequences between string modules in mod J{Q, W) are of 
the form 

-^ M{-i) -^ M{s-i) e Mine) -^ M{s-ie) -^ 

for some curve 7 in {S,M). 
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Proof. The irreducible morphisms and AR-sequences between string mod- 
ules are described in Theorem 3.1. Among the four cases listed there, we only 
consider the second case here, the others being similar: Suppose w{'y) does 
not start but ends on a peak, then we get from Lemma 3.3 and Lemma 3.4 
two irreducible morphisms M{'y) — > M{sj) and M{'y) — > M(7e). More- 
over, the construction of ^7 does not change any information of 7 on 6(7), 
that is w{sj) also ends on a peak if it is non-empty. By Lemma 3.4 again 
we get an irreducible morphism M(s'y) — > M{s^e) in case tf (s7e) is non- 
empty, and similarly, there is an irreducible morphism M(7e) — > M{sle) 
induced by 7e. This completes the proof since the number of summands 
in the middle term of an AR-sequence between string modules is at most 

two. n 

To complete the description of irreducible morphisms in Ta.odJ{Q,W), we 
recall from [6] that each band in J{Q, W) yields a A;*— family of homogeneous 
tubes in the AR-quiver of J{Q, W), given by an embedding modA;[t, t~^] — > 
mod J(Q,VF). 

Corollary 3.6. The AR-translation in mod J{Q,W) is given by simultane- 
ous counterclockwise rotation of starting and ending point of a curve to the 
next marked points at the boundary, that is 

t"Hm(7)) = MG7e) 

if M(j) is not an injective J {Q,W) — module. 

Proof. For string modules this is shown in Theorem 3.5 above. For any 
band b in J{Q, W) we have b = gbg as elements in ni(S', M). Moreover, the 
corresponding band modules M{b, n, (f)) lie on homogeneous tubes and thus 

satisfy r-i(M(6,n,0)) = M(6,n,0). □ 

Example 3.7. We reconsider the curve 7 from Example 2.5. From Figure 2 
it is easy to obtain the following descriptions: 

1 1 

M(s7e)=2 3 2 3 2. 
4 4 4 4 4 

Hence, we have an AR-sequence: 

-^ M(7) -^ M{sl) e M(7e) -^ M{sje) -^ 0. 

Remark 3.8. If M{'y) is an injective J{Q,W)— module, then it follows 
from the description in Remark 3.2(2) that gje is an internal arc in F which 
implies M[s1e) = 0. Dually, if '^ ^T is an internal arc, then M(s^e) is a 
projective module in mod, J(Q,W). 

3.3. Irreducible morphisms in Ctg^M)- Recall that C := Cr is a trian- 
gulated Hom-finite A;-category which is 2-Calabi-Yau. We know that C has 
a cluster-tilting object Tp = ri © r2 © • • • © r^, where ri, . . . r„ are the in- 
ternal arcs in F. Denote by [1] the suspension functor of the triangulated 



1 


1 1 




1 


= 3 2 3, 

4 4 


M(s-i)= 2 3 2 3, 
4 4 4 


M(7e) = 


3 2 3 2 

4 4 



14 THOMAS BRUSTLE AND JIE ZHANG 

category C. Moreover, since C is 2-Calabi-Yau, C has AR-triangles and the 
AR-translation is given by r = [1] (see [26]). 

Curves in {S, M) which are non-contractible and not homotopic to a 
boundary arc give a parametrization of the isoclasses of string objects in C, 
we refer to them as non-boundary curves. We identify contractible curves 
and boundary arcs with the zero object in C. We further say that a curve 7 
is not in F and write 7 F if it is non-contractible and not homotopic to 
an arc in the triangulation F. Since the non-boundary arcs in F yield the 
cluster-tilting object Tp, the string module M(j) is non-zero if 7 ^ F. The 
following lemma from [19, 21] will be used frequently: 

Lemma 3.9. Let j be a curve in {S, M) such that 7 ^ F. Then 

(1) M(7) is projective in TaodJ{Q,W) if and only i/7[l] G F, 

(2) M(7) is infective in ii\odJ{Q,W) if and only i/7[— 1] G F. 

From [21], we know that any sink (or source) map in C is again a sink (or 
source) map in mod J((5, W), therefore each AR-triangle in C 

7' -^ ®li -^ 7" -^ 7'[1] 

with 7' F and 7'[— 1] F yields an AR-sequence in mod J{Q, W): 

-^ M{-i') -^ ®M{-ii) -^ M{j") -^ 0. 

Moreover, all AR-sequences in mod J{Q,W) are obtained in this way and 
the AR-translation in mod J{Q, W) is induced by that in C. Combining this 
with Corollary 3.6 and Remark 3.8, we can easily get 

Proposition 3.10. The AR-translation in C(^g^M) ^^ given by simultaneous 
counterclockwise rotation of starting and ending point of a curve to the next 
marked points at the boundary. That is j[—l] = sle if ^ is a string object 
and (A,6"')[— 1] = (A, 36") if {X^b^) is a band object inC(^s,M)- 

Proof. Assume 7 is a string object. If 7 is a non-boundary curve in (S, M) 
such that M(7) is not injective, thenM(7[-l]) = M(r-^(7)) = t-^{M{j)) = 
M{s^e) which implies 7[— 1] = s7e- If -^(7) is injective, then Remark 3.8 
shows that s7e G F is an internal arc, and by Lemma 3.9 and the discussion 
in Section 2 we obtain 7[— 1] = s7e- Similarly, if 7 G F is an internal arc, 
then 7[-l] = gje- 

Assume (A, 6") is a band object where A G A;*, 6" G nj(S', M) with n > 1 
and b a closed curve, then M((A, 6")[-l]) = M(r-i(A, 6")) = t-\M{{X, 6"))) 
= T-\Miwib),n,(l)x)) = M{wib),n,^x) = M{w{sbe),n,ct>x) = M((A,,6-)), 
where (/>a G Aut(/c") is induced by A. Hence (A, &"')[— 1] = (A, 56") as a band 
object in C^^sM)- ^ 

We need the following lemma related to projective-injective modules in 
modJ(Q,VF): 

Lemma 3.11. Let 'j ^T be a curve in {S, M) such that M(7e) is a non-zero 
projective-injective module in mod. J{Q,W). Then there is a source map in 
mod JiQ,W): M(,7e) -^ M(,27e). 
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Proof. Assume Af (7e) is a projective-injective module, then 1^(76) must be 
an inverse (or a direct) string which both starts and ends on a peak and 
also both starts and ends in a deep. Without loss of generality, assume 
w{-fe) = /3i^ ■ ■ ■ /3r"^/3r"+i where r > 0. 



c=e(7e) 



Figure 6 

Let a = 5(7) = s(7e), b = 6(7), c = e(7e) and d, e, f be marked points as in 
Figure 6. Since w{'ye) both starts and ends in a deep, be and da are boundary 
arcs. Similarly, ae and dc are boundary arcs since 7e both starts and ends 
on a peak, therefore 6, c, d, a, e lie consecutively on the same boundary. 

(1) If M(s7e) is an injective module, that is w{s'je) = Pi " ' l^r^ both 
starts and ends on a peak, then ef is a boundary arc. Then the 
definition of Pivot elementary move implies that 

M(,27e) = ^(/3r' • • • /3-}i) = MG7e)/5oc(M(,7,)) 
and s7e2 = de € T is an internal arc. Hence by Remark 3.2(2) there 
is a source map: M{s^e) — > ^{s^le}- 

(2) If M(s7e) is not an injective module, that is w{s^e) = /^f ' " l^r^ 
does not start on a peak, then there exists a € Qi such that w{s^e)oi 
is a string. By Theorem 3.5, there is an AR-sequence: 

-^ M(,7e) -^ M(,27e) e M(,7,2) -^ M(,27,2) ^ 0, 

where u;(s7e) = /Sf^ • • • /3~^ = C/„, w(s27e) = "^(sTe)/! = N^ by 
Lemma 3.3, and sle'^ = de € F is an internal arc in V. Thus there is 
a source map: M{sle) — > ^{s'^lej in mod J(Q,1^). 

D 

Proposition 3.12. Let ^ be a non-boundary curve and 

-^ M(7) -^ M{sj) e M(7,) ^ M{sje) -^ (3.1) 

6e an AR-sequenee in mod J{Q,W) with M{s^) 7^ ^ M(7e), i/ien i/iere is 
an AR-triangle with two middle terms in C as follows: 

7 > s7®7e > sle > 7[1]- 

Proof. Since AR-sequences in mod J{Q,W) are induced by AR-triangles in 
C, we assume that 

7 ^ s7 © 7e e CT > sle^ l[l] (3.2) 

is an AR-triangle in C with M{a) = 0. It suffices to prove that a = 0. 

Otherwise, a contains a direct summand p which is an internal arc in 
r. Then ^7(1] E T or 7e[l] G T since M{p[l]) / in modJ(Q,M^) by 
Lemma 3.9 and since the number of summands in the middle term of an 
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AR-sequence in J{Q,W) is at most two. Similarly, we conclude s7[— 1] G T 
or 7e[— 1] G r. Hence there are 4 cases, we consider only two of them, the 
others are similar. 

(1) Assume s7[l] G T and 7e[— 1] G T, then Lemma 3.9 implies that 
M(s7) is projective and M(7e) is injective. Hence M{'j) must be a 
direct summand of radM(57) and M(s7e) must be a direct summand 
of M(7e)/SocM(7e). This yields a contradiction by comparing the 
dimensions in (3.1). 

(2) Assume 7e[l] £ T and 7e[— 1] £ T, then Lemma 3.9 implies that 
M(7e) is a projective-injective module, and so by Lemma 3.11 there 
is a source map 

MG7e) -^ M{,2^,) (3.3) 

in va.od J {Q ,W) . But after shifting (3.2) by [-1], there is an AR- 
sequence in mod J((5, W): 

-^ M{s-fe) -^ M(,27e) e M{sPe) -^ M{,2j,2) -^ 0. 

with M{sPe) = M(p[— 1]) 7^ a projective module. This contradicts 
the fact that the source map (3.3) ends with just one indecomposable 
module. 

D 

Since neither injective modules nor projective modules occur in homoge- 
neous tubes, the following corollary related to band objects can be obtained 
similarly. 

Corollary 3.13. Let (A, 6") be a hand object in C where A G k*,b"' G 
n*(S', M) with n > 1 and b itself is not a proper power of an element in 
Ill{S,M), then there is an AR-triangle in C : 

(XX) -^ (A,6"+i)©(A,6"-i) -^ {XX) -^ (A,6")[l], 
where (A, 6") is the zero object in C. 

Therefore, the band objects are closed under irreducible morphisms and 
the corresponding AR-components in C are homogeneous tubes. It remains 
to consider the string objects in C. 

Lemma 3.14. Let 7 be an internal arc in T, then the AR-triangle in C 
starting in 7 is of the form 

7 > s7 © 7e > sle > 7[1]- 

Proof. Suppose 7 is an internal arc in T, then M{s^e) is projective in 
mod J{Q,W) by Lemma 3.9. We consider 7[— 1] = s^e- 

(1) If M(s7e) is not injective, then Theorem 3.5 induces an AR-sequence 
m mod J{Q,W): 

-^ M{s-fe) -^ M(,27e)©M(,7e2) -^ M(,27,2) -^ (3.4) 
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The definition of a cluster-tilting object guarantees that g2^e and s7e2 
cannot be internal arcs in F. If neither ^276 nor s7e2 is boundary arc 
(thus M(g27e) 7^ 7^ M(s7g2)), then Proposition 3.12 induces an 
AR-triangle 

sle > s^le® s7e2 > s^l e^ > s7e[l] 

which yields the AR-triangle 

7 > s7 © 7e > sle > 7[1]- 

Assume now that one of g2^e and sle'^ is a boundary arc. Without 
loss of generality, let ^276 be a boundary arc, then by definition of 
a cluster-tilting object, Homc(s7e5'7) = for any a G F, hence (3.4) 
induces an AR-triangle of the form 

sle ^ 52 7e © 57e2 > s2 7e2 > s7e[l] 

with ^2 7e = 0. The definition of a Pivot elementary move implies 
that 7e is also a boundary arc, hence there is an AR-triangle of the 
form 

7 ^ s7 © 7e > sle > 7[1] 

where 7e = is a boundary arc in C. 

(2) If M{sle) = ^(7[~1]) is injective, then M{sle) is a projective- 
injective module by Lemma 3.9. By definition of a cluster-tilting ob- 
ject and Remark 3.2(3) we can assume that the AR-triangle starting 
in 7 is of the form 

7 ^(510(52 > sle — > 7[1] 

where neither 61 nor 62 are internal arcs in F. Since M{s^g) is a 
projective-injective module in mod J((5, W)^ one of (5i and 82 must be 
a boundary arc. Without loss of generality, assume 82 is a boundary 
arc, then Lemma 3.11 implies M{5i) = radM(57e) = M(s7), that is 
^i = s7 and 62 = 7e is a boundary arc. Therefore the AR-triangle is 
of the form 

7 ^ s7 © 7e > sle > 7[1] 

where 7e = is a boundary arc. 

D 

As shown in Remark 3.2(3), the middle terms of AR-sequences in mod J{Q, W) 
contain at most two indecomposable summands. The following proposition 
establishes the same result for AR-triangles in C. 

Proposition 3.15. The number of indecomposable summands in the middle 
term of an AR-triangle in Crs,M) ^^ ^^ most two. 
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Proof. We only need to consider string objects in C. Let therefore 7 be a 
non-boundary curve, and 



7 



63 "^^ ® 63 ' 



7[-l]^7[l] (3.5) 



r and where r, are internal 
s 



'3 



< 2. If 7 € r or 7[-l] E T, 



be an AR-triangle in C starting in 7 with 5i 

arcs in T. Remark 3.2(3) implies r < 2 and 

then by Lemma 3.14, there is nothing to prove. We suppose now 7 L and 

7[— 1] r. If r = 2, Proposition 3.12 implies s = 0. If r = 1 and s = 2, then 

(3.5) induces an AR-sequence with one middle term in mod J((5,VF): 



-^ M{j) -^ M{5i) — 
hence there exists a € Qi such that w{5i] 



M(7[-l])^0, 
= Na by Remark 3.2(1). On the 



other hand, if we shift (3.5) by [1] and [-1], then Remark 3.2(3) implies that 
(5i[l] and (Ji[— 1] must be the internal arcs in V since the M(ri[l]) 7^ 7^ 
M(t2[1]) and M(ri[-1]) / / M(r2[-1]) in mod J(Q,VF) by Lemma 3.9. 
Thus M((5i) = M{Na) is a projective-injective module in mod J(<5, W). The 
definition of A^^^^ implies that the quiver Q is of type A2 ■ But it is impossible 
since the cluster category of type A2 is well-known, and there are no AR- 
triangle with more than two summands in the middle term. D 

Now we consider the AR-sequences with just one middle term in mod J{Q, W). 

Lemma 3.16. Let j be a non-boundary curve in {S,M) such that w{'y) = 
Ua, for some a £ Q. Then w{s'y) = Nq and tf(7e) = is a zero string, and 
the AR-triangle in C starting in 7 is of the form: 



7 



s7©7e 



s7e 



7[1]. 



Proof. Since ^(7) = Ua does not start but ends on a peak, we know by 
Lemma 3.3 that "^(57) = w{^)^ = N^ and by Lemma 3.4 that tf(7e) = 
cW^j) = JJa = is a zero string. Hence 7e might be an internal arc in F or 
a boundary arc in (5, M), see Figure 7 




Figure 7 

Let b = s{'y),a = 6(7) be the endpoints of 7 and let d be the marked 
point lying clockwise next to b on the same boundary. Since Uq. ends on 
a peak, ac is a boundary arc. The definition of Pivot elementary move 
implies c = e(7e), hence there is an AR-sequence with one middle term in 
mod J(Q,I^) (See Remark 3.2(1)): 

-^ M(7) -^ M(,7) -^ M(,7e) -^ 0. (3.6) 
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(1) If 7e € r, then Lemma 3.9 implies that M(7e[l]) is an injective mod- 
ule. Remark 3.2(2) induces an irreducible morphism M(7e[l]) — > 
M(7) in mod J{Q,W), hence there are two irreducible morphisms 
in C: 7e[l] — > 7 and 7 — > 7e[l][— 1] = 7e. Combining this with 
(3.6) and Proposition 3.15, we get the AR-triangle in C : 

7 > s7 © 7e > sle > 7[1]- 

(2) If 7e is a boundary arc, then tf (7) starts in a deep and ends on a 
peak which implies M{^) = M{Ua) is projective in mod, J(Q,W), 
thus 7(1] € r by Lemma 3.9. By (3.6) and the definition of a cluster- 
tilting object, the AR-triangle starting in 7 is of the form 

7 ^ s7 © 7e > s7e > 7[1] 

where 7e = in C. 

D 

By the following theorem we finally obtain the results formulated in The- 
orem 1.2 in the introduction: 

Theorem 3.17. Let T be a triangulation of a marked surface {S,M), and 
let J be a non-boundary curve in {S,M). Then each irreducible morphism 
in Cfg^]\^\ starting in 7 is obtained by Pivot elementary moves on endpoints 
of ^. The AR-triangle starting in 7 is of the form: 

7 > sl®le > sle > 7[1]- 

Proof. Lemma 3.14 implies the case when 7 or 7[— 1] = s7e is an internal 
arc in F. Proposition 3.12 and Lemma 3.16 yield the remaining case. D 

3.4. AR-components in Ctg^M)- The aim of this subsection is to describe 
the AR-components in Ctg^M)- From Corollary 3.13 we know that all band 
objects of C(5jvf) lie in homogeneous tubes, so we focus on string objects from 
now on. It follows from Theorem 3.17 that each string object 7 in Ctg^M) is 
starting point of a mesh with two middle terms in the AR-quiver of Ctg^M) 
except when one of ^7 or 7e is a boundary arc. The situation where one of 
s7 or 7e is a boundary arc is explicitly described in the following corollary. 

Corollary 3.18. Let C be a boundary component of S with t marked points. 
If we choose a numeration and an orientation of the boundary arcs 5^ , . . . , (5* 
such that all (5* are clockwise oriented and e((5*) = s{5'^^'^) for all i, then the 
objects 6^j with i = 1,... ,t and j > 1 form a tube of rank t in Cts.M)- 
Moreover, there is a bijection between the boundary components of S and 
the tubes in Cfs,M) ^^^c/i are not formed by band objects. 

Proof. The proof follows easily from the description of the AR-triangles 
in Theorem 3.17 once the orientation of the boundary arcs is chosen, we 
illustrate the situation where t = 3 in following figure. Note that 5%_i is a 
non-contractible closed curve for all surfaces except a disc, where all closed 
curves are contractible. Thus, for a disc the objects 5\-i are zero, and the 
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remaining objects 5*^ with j > t — 1 have to be identified accordingly, see 
the description in [8]. D 







Si ■ 



' ■ . ^ . ■ ■ 

The preceding corollary yields a description of all AR-components (formed 
by string objects) which contain some meshes with only one middle term. 
The remaining AR-components in Crs,M) ^^^ formed by meshes with exactly 
two middle terms. If A is one such component, one can choose one object 
7 in A and then the component is formed by all gi'j^.j with i,j>l. In case 
there are no identifications of the objects, one obtains thus components of 
the form ZA^. If S is neither a disc nor an annulus, then the Jacobian 
algebra associated to a triangulation will in general be of non-polynomial 
growth (see [2]), and there are plenty of components of the form ZA^ in 
the AR-quiver of C^^sM)- ^^ ^ ^^ ^^ annulus, the cluster category C{^sM) ^^ 
of type A and there is no component of the form ZiA^. 

4. Flips and Mutations 

In the previous sections we fixed one triangulation T of {S, M) and studied 
the irreducible morphisms and AR-components of the cluster category Cy 
defined by the quiver with potential {Qt-, W^t)- The aim of this section is to 
study the effect of a change in the triangulation on the cluster category Cp. 

If Tj is an internal arc in F, then there exists exactly one internal arc 
t[ / Ti in {S,M) such that fniX) '■= (r\{Tj}) U {r/} is also a triangulation 
of {S,M). In fact, the internal arc Tj is a diagonal in the quadrilateral 
formed by the two triangles of F containing tj, and t- is the other diagonal 
in that quadrilateral, see [11]. We denote r^' by fr{Ti) and say that /r, (F) 
is obtained from F by applying a flip along Tj. In fact, by applying iterated 
flips one can obtain all triangulations of {S, M): 

Theorem 4.1 ([11]). For any two triangulations of {S,M) there is a se- 
quence of flips which transforms one triangulation into the other. 

As shown in Theorem 1.1, we can view the non-boundary curves in {S, M) 
as objects in Cr- If we denote all internal arcs of F by ri, . . . , r^, then their 
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direct sum Tr = ti©T2 • • -©Tn is a cluster-tilting object in Cr- The following 
theorem is adapted from [16] to our setup. 

Theorem 4.2 ([16]). Let Ti £ T be an internal arc, then there is a curve 
Tj* in (S, M) (unique up to honiotopy) which is not homotopic to Ti such 
that the object finiTr) obtained from Tp by replacing Ti with t* is also a 
cluster-tilting object in Cr- 

The object ^niTr) is called the mutation of Tr in tj, and (Ti,T*) is called 
an exchange pair in Cr- As shown in [16], any exchange pair (Ti,T*) in- 
duces the following non-split triangles (unique up to isomorphism) which 
are referred to as exchange triangles: 

Ti — >T — >Ti — >Ti[l] and r* — > t -^ n — > t*[1] 

Here / is a minimal left add(Tr \ {rj})-approximation and 5 is a minimal 
right add(Tr \ {ri})-approximation. Since 

End(rr,Tr) ^ End(Tr[l],rr[l]) ^ J{Qr,Wr), 

we know that the quiver of the endomorphism algebra of Tr in Cr does not 
contain loops at any vertex. Hence we obtain the following lemma which is 
a special case of Lemma 7.5 in [18]. 

Lemma 4.3. Let Ti be an internal arc ofT, then the exchange triangles are 
given by 



'^i ^ ^i ^'^i ^ '^«W '^^^ '^i ^ Tfc -^ Ti > r*[l] 



where f is a minimal left add (Tr \ Ti)- approximation and g is a minimal 
right add (Tp \ Ti)- approximation. 

For an internal arc r, G F, we discussed the definition of the flip fr{Ti) 
above. On the other hand, if we view tj as an indecomposable rigid object 
in Cp) also the mutation /^r(Tj) := t* of Tj is defined. The following theorem 
shows that flip and mutation of an internal arc are compatible (viewed as 
objects in the cluster category Cr): 

Theorem 4.4. Let T be a triangulation of {S, M) and let Ti £ T be an 
internal arc. Then 

l^rin) = frin)- 

Proof- The internal arc Tj is a diagonal of a quadrilateral formed by the 
internal arcs Tj^ , Tj^ , r^j , r^j as follows: 
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The triangles of F containing tj induce arrows a, (3,6,e in Qr as indicated 
above. By Lemma 4.3 there is a non-spHt triangle in Cr 

Ti > Tj^ e Tj^ >T* > Ti[l] 

where / is a minimal left add(Tr\rj)-approximation. We obtain the following 
right exact sequence in inodJ{Qr,Wr) by applying M(— ) = Ext^^(Tr, — ) 
to this triangle: 

M(ra-1]) ^ M(r,J-l]) e M(r,J-l]) ^ M(r;[-1]) ^ 

This sequence is in fact a minimal projective resolution in inodJ{Qr,Wr) 
whose projective modules can be described by strings as follows: 

M(n[-l]) = M{Va-^Ve), 

M{tj,[-1]) = M{V^~^pVp) and M(r,J-l]) = M{Vs'H-^Ve). 

Hence M(r*[-1]) ^ M {Vf^ 5'^ ^Vp) , which implies w{s{T*)e) = Vf^d'^pVp 
and thus ^r(Ti) = t* = /^{Ti). D 

For any curve 7 in {S,M), the definition of the string if (7) depends on 
the Jacobian algebra J{Qr, Wr)- In order to compare string modules in two 
Jacobian algebras arising from different triangulations of {S,M), we denote 
in the following by w{T,^) and M(F,7) the string and the string module in 
the Jacobian algebra J{Qr, Wr)- Similarly, the band in J{Qr, Wr) given by 
a closed curve b is denoted hy w{T,b). If 7 = tj G F, we denote by M(F, tj) 
the associated simple decorated representation of {Qr, Wr) (see more details 
in [10, 23]). It is shown in [23] that the flips of triangulations are compatible 
with the mutations of decorated representations. 

On the other hand, let F' = /t, (F) be the triangulation of (S, M) obtained 
by a flip along tj, then [20] establishes an equivalence fii : Cr — > Cr' for 
each 1 < i < n. Viewing the indecomposable objects in Cr as curves and 
closed curves in {S,M), or as indecomposable decorated representation of 
{Qr, Wr), then [25] shows the compatibility between the equivalence fii and 
the mutation of decorated representations of {Qr,Wr)- Therefore, we get 
following lemma. 
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Lemma 4.5. Let T' = fni^) be the triangulation of {S,M) obtained by a 
flip along ti and let T^i be the corresponding cluster-tilting object in Cr' ■ If 
fii : Ct — > Cr' denotes the equivalence from [20] , then 

Exti^,(Tr.,A.(7)) = M(r',7) 

for any non-boundary curve 7 in {S,M). 

Proof. Let IndgCr be the set of all indecomposable string objects in Cr which 
is indexed by non-boundary curves in (S, M), and 

Dr = {M(r,7)| 7 curve in {S,M)}. 

Then by Proposition 4.1 in [25], we have following commutative diagram 

IndgCr ► Dr 



Ext J (Tp, ,-) 

TnH„fTp/ ^ , Dp/ 

where fii is the mutation of decorated representations. Therefore, for each 
curve 7 in (S, M), 

Extl^,{Tr',f^im = Mi(Ext^^(Tr,7)) 

^ M.(M(r,7)) ^ M(^(r),7) = M(r',7) 

where the last isomorphism is given by the main result in [23]. This com- 
pletes the proof. D 

Since /Xj : Cp — > Cp' is an equivalence, the objects ftii^j) in Cp' can also be 
described by curves in (S, M) and we denote fli{'^) again by 7 in Cp/. 

Corollary 4.6. Each triangulation of (S, M) yields a cluster-tilting object 
in Cig^M) O'^d Ext^(7,7) = if j is an internal arc in {S,M). 

Proof. Let T be the triangulation of (S", M) that we studied before, and V 
be another triangulation. By Theorem 4.1, there exists a sequence of flips 
which transform F to F', 

f. f. f. f. 

= 1 1 1 1 2 In = 1 

where Tj is a triangulation of {S,M) and /j. is a flip for 1 < j < n. We 
know that P induces a cluster-tilting object Tp which is the direct sum of all 
internal arcs in P, and Theorem 4.4 implies that Pi also induces a cluster- 
tilting object Tp^ given by all internal arcs in Pi. The above lemma allows 
us to proceed to do this until P„ = P' which completes the proof. D 

Let P be a triangulation of (S*, M) and let 7 and 5 be two non-boundary 
curves in {S,M). From Theorem 2.3 we know that the morphism space 
Home (7, (5) in C = Cp can be decomposed as fc- vector space as follows: 

Homj(Q^,^^)(M(P,7),M(F,(5)) {/ G Homc(7,<5)|/ factors through Tp}. 
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Moreover, by Lemma 3.3 in [24], the morphisms factoring through Tp can 
be substituted by the morphisms of two other related objects in mod J{Qt, Wr), 
so Home (7, 5) is given by 

Iiomj^Q^^Wr)iM{T,j),M{T,6)) e DRomj^Q^^Wr)ir-'M{T,6),TM{T,j)) 

In [9] a basis of the Hom-space between string modules is explicitly described 
using factor strings and substrings. Using Theorem 2.4, one can translate 
this into a description using curves and the triangulation F of {S, M), thus 
one could give a basis of Home (7, 6) combinatorially in terms of T. 

Another possibility is to choose a triangulation V such that a given 
morphism in C factoring through Tr can be described by a morphism in 
Homj(Q , ly ,)(M(r',7),M(r',5)). This is illustrated in the following ex- 
ample. 



Example 4.7. We consider the following two curves 7, 5 from Example 2.5, 




where 6 is given by a full line and 7 is given by a dotted line. It is easy 
to see that 



M(r,5)= 



1 
3 2 



M(r,7)= 



5 1 

: 3 2 



Hence Homj(Qj,jyj,)(M(r,7), M(T, 5)) is one-dimensional with a basis el- 
ement / mapping the factor string 5 of w(r, 7) to the substring 5 of w{T, 6). 
From Corollary 3.18 one obtains that 7 and 6 lie in a tube of rank 3 in C as 
follows: 




Thus there is, besides the morphism / induced from raodJ{Qr,Wr), 
another non-zero morphism g G Home (7, ^) factoring through t^. Obviously, 
g cannot be described by morphisms in mod J{Qr, Wr) since M(F, T5) = 0, 
but we can realize g in another module category: Applying a flip along T5 
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we obtain a new triangulation T' whose associated quiver with potential is 
Qr = A4, Wr = 0. Denote by 5* = M(r',r5) the simple iL4-module 
concentrated in 5, then 

1 1 

M(r',<5)= 3 2 , M{r',7)=3 2 5*, M(r',r5)=5*. 

5* 4 4 

Hence Hom^ {M(T' , 7), M(r', S)) is also one dimensional given by a basis 
element g' mapping the factor string 5* of w{T',j) to the substring 5* of 
w{T',5), which factors through M(T',T5). Therefore g G Homc(7,(5) can 
be described by g' € Hom^ {M{T' ,^),M{T' ,6)). Moreover, since A4 is 
hereditary, we can conclude that 

Home (7, 5) = Homc(^^)(M(r',7),M(r',5)) 

= Hom^^(M(r',7),M(r',<5))eExt;^^(M(r',7),M(r',7)) 

is two-dimensional. Hence 

Homc(7, S) ^ Homj(Q^,^^)(M(r, 7), M{T, 6)) © Hom^^(M(r', 7), M{T', 6)) 

as /c-vector space. 

Using Lemma 3.3 in [24], we have 

1 5 1 

TM(r,7)=Af(r,<5)=3 2 , r-lM(r,5)=Af (r,7)= 3 2 . 
4 4 

5 

Hence, Home (7, (5) is given by 

Homj(Q^,H^^)(M(r,7),M(r,,5))©Z?Homj(Q^,H^^)(M(r,7),M(r,<5)) 
as fe-vector space. 

5. Extensions and Intersections 

We study in this section the relation between extensions in the category 
C = C(^s,M) ^^^ intersections of curves in {S, M). Given any curve in {S, M) 
with self-intersections, we explicitly construct one or two new curves, some- 
times resolving the self-intersection, and sometimes increasing the winding 
number. These curves serve as middle term of certain non-split short exact 
sequences which allow to prove the following theorem: 

Theorem 5.1. Ext^(7, 7) = if and only if'y is an internal arc in {S,M). 

Proof. Let 7 be a curve in {S,M) and fix a triangulation T of {S,M). We 
denote by Tj^ , Tjj , . . . , Tj^ the internal arcs of T that intersect 7 as indicated 
in Figure 8: 



26 



THOMAS BRUSTLE AND JIE ZHANG 




e(7) 



Figure 8 

Along its way, the curve 7 is passing through (not necessarily distinct) 
triangles Aq, Ai, . . . , A^. For 1 < / < d — 1, the triangle A; is formed by the 
internal arcs tj^ and tj and a third arc which is denoted by Tyt^ . In the first 
triangle Aq, we denote the arcs clockwise by tj^, r^g and Tfc_-^. Similarly, A^ 
is formed by Tj^, r^^ and t^^^-^, as shown in Figure 8. 

By corollary 4.6 we only need to prove one direction of the theorem, 
namely that Ext^(7,7) 7^ in case the curve 7 has self-intersections. To 
do so, it is enough to prove Extj/Q ^ y^r \(M(r',7),M(r',7)) 7^ for some 
triangulation F'. In some cases one can choose F' = F, but sometimes it will 
be necessary to change F to F' by a sequence of flips in order to realize the 
extension over some algebra J{Qr',Wr')- 

We therefore assume that the curve 7 has self-intersections, thus there 
are < r < r' < 1 such that 7(r) = 7(r'). We choose r and r' in such a way 
that the restriction b = 'y\\ry] is a simple closed curve. Hence the subword 
■u;(F,7|[r^r']) of w(F,7) defines a band w(F,6) in BiodJ{Qr,Wr) as follows: 



w(r,by. ■^'a+i 



'3+3 

T 



«s+4 



The difference between the string it;(F, 7 ![,.,,/]) and the band w{T,b) is the 
arrow between the endpoints. Up to duality, we may assume that this arrow 
6 (which is induced by the triangle Aj^), is oriented from Tj^^^ towards 
Tis+n- We distinguish in the following several cases how the band w{T,b) is 
embedded in the string w{r, 7): 

Case I: w{T,^) contains the band w{T,b). 

In this case, w{T,^) contains the string w{T,'y\[r^r']) arid the arrow 6 and 
thus m > 1 consecutive copies of w{T, b). We extend the subword of w{T, 7) 
which is induced by b to maximal length, that is, we choose j < s and 
I > s + n such that all arrows between ri._^^ and tjj belong to w{T,b), but 



the arrows Ti -^Ti -^^ induced by Aj- and tj 



/3 



induced by A^, are not 



induced by b. 

Without loss of generality, assume a is oriented as Tj, 

/3, 



n 



■j+i ■ 



Then /3 



has orientation r^j — )> Tij_^^ since 7 intersects itself. Therefore the arrows 
Tfc. induced by Aj^. and the arrow /3' : r^, — > tj, induced by Aj, 



a 



«j+i 
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belong to w{T,b). We assume Ti^_^^ = T^,Ti.^^^^ = Tfc, with 1 < t < n. If 
m = 1, then the situation is depicted as fohows: 




Here, the boundaries are indicated by the circles, and Tj. = t^q when j = 
(also note that Tj. might be a boundary arc). We rewrite Figure 8 accord- 
ingly: 



'^fij L m copies of w{T,b) 



e(7) 




^fcj+t 



Thus w{T,j) is given by 

w^(r, 7) = ^ - n, A n^^^ - s - r„ ^ rt, - C - n^+„ -^ n^.^^^ -B-n^^ n,^, - £). 
Consider following two strings in mod J((5r,Qr) : 



^' 



(r, 7') = A - r,^ ^ T,^._^i -B- r,;, ^ Tfe, - C - T,^.^„ ^ T,^._^i - B - T,, ^ Tfe, 



-C - T,^ + „ ^ n^ + i -B-n^ -> T,;,^, - Z?. 



wiT,-f")^A-n^^n^^,-B 



n, ^ r,,^^ - D. 



where 7' and 7" are the corresponding curves in (S, M). If m = 1, then 
7', 7" can be visualized as follows where 7' is given by the full curve and 7" 
is described by the dotted curve. 
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We easily construct a non-split exact sequence in inodJ{Qr,Wr) 



-^ Af(r,7) '-^ Af(r,7') eM(r,7") -^ M(r,7) -^ o 

where / identifies the factor string 

of w(T,^) with a substring of w{T,'y') and g sends the factor string 
Ti^^-^ — B — T^ ^^ Ti^^^ — D of u;(r, 7) to the same substring of u;(r, 7"). 

Case II: w{T^^) does not contain the band w{r,h). 
In this case, w{r,^) does not contain but it contains w{T,^\\y.y]) as a 
subword. We distinguish a number of subcases: 

(II.l) Q = s<s + n = d. 

In this subcase, r^^ = r^p and the subword w(r,7| [,,,,/]) equals 
wiV,'^), see the following picture 




Since w{T,b) is a band we know that there exists a string of the 
following form in mod J{Qr, Wr) 

w{T,j') = Ti^ 4-^ Ti„ ^ Ti, *— > ri„ 



where 7' can be visualized as follows 




It is easy to see that there is a non-split exact sequence in mod J{Qr, Wr): 

— > M(r,7) ^ M(r,7') ^ M(r,7) — ^ o 
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where / is induced by the embedding of the string 'w{T, 7) as a 
substring of ^(r, 7'). 

(II. 2) = s < s + n<d. 

In this subcase, tj^ = tj^ = r^p and the subword w{r,^\^ry^) is a 
proper subword of w(T, 7) which ends before reaching the endpoint 
6(7) of 7, see the following figure 




Since 7 intersects itself, r/^._j = Tj„ and u^^-^ = t^q. We rewrite 
Figure 8 accordingly: 




e(7) 



where r, 



tn + 2 



; '^in-\ 



■ Ti„+m with m > 1 are all internal arcs lying 



clockwise before Tj^+i . After applying flips along Ti^_^^ , Tj„_^2 . . . Ti„_^„ , 
we get a new triangulation F' and a new band if (F', 5) in mod J{Qt> , Wr') 
related to same closed curve b: 



y ^n+m — l 
w{r',b): ^4+m 

n^ 



If d = n + 771, then the subword w{T',b) is equal to w{T',j) = 
Ti — T* <-^ Ti in mod J{Qt> , Wr' ) , and this is the same case 

as in ILl when we consider mod J{Qr', Wr')- If d > n + m, then 



w{r',-f) = T, 



^n-\-m 



7- <-^^ 7-. 



T, 



^n+^T, 



hence t(;(F',7) contains the band w{T',b) as subword, this is the 
same case as in L 
(II. 3) 0<s<s + n<d. 

In this subcase, the subword w{T,j\[j.y]) is a proper subword of 
w{T,j) which starts after Tj^ and ends before reaching the endpoint 
6(7) of 7. Since 7 intersects itself, there must exist 1 < t < s such 
that Tj , , , = T,- , , for 1 < / < s — t + 1 and r,- , , , , , = ri,, , , see 

^s + n + Z ^s + l — l — — 's + n+t + 1 f^t — l^ 

the following figure 
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where a and /? are arrows induced by the triangle A j^ , and a' and 
/3' are induced by the triangle Aj^_-^ . We rewrite Figure 8 accordingly: 




Hence w(r, 7) can be given as follows: 
We consider following two curves 7' and 7" in {S, M): 




where 7' is given by the full curve and 7" is described by the dotted 
curve. Then w{T,j') and w{r,'y") are given as follows 



w{T,j')^E- 






-n,^n,_,^E-^ 



«;(r,7") - H-^-Tk,_, ^ n^~F-n^ A n^^,-G-^-n^^,^ A n^-F-^-n^ t- t^.^.-H. 



Hence there is a non-split exact sequence in mod J {Qy ,Wy) 



M(r,7) '^ M(r,7')eM(r,7") ^M(r,7) 



0. 



§' 



where / sends the factor string wq = E — Ti^_^ ^ Ti^ — F — t-i^ of 
w{V,'^) to Wq as substring of wiV,'^') and g identifies the factor 

string wi = Tit - F - ^is 



A 



''"is + l ^ '^is + n ~^ ''"«; 



Ti, 



Tkt_i — H with W]^ as substring of w(r, 7"). 
(II.4) 0<s<s + n = (i. 

In this subcase, the subword t(;(r,7|[^,,/]) is a proper subword of 
u'(r,7) which ends at the endpoint 6(7) of 7. This subcase is dual 
to subcase n.2. 

D 
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Remark 5.2. Ext^(7,7) = implies Ext^(Q^ ,^^)(M(r,7),M(r,7)) = 

for any triangulation F of {S,M). But Extj/^ yy JM{T,^),M{T,'y)) = 

for one triangulation T of {S,M) does not imply Ext^(7,7) = in general. 
We reconsider 5 in Example ^.7. It is easy to see that 



1 

M(r,5)= 3 2 ; 
4 
5 



M(r,5[l])= 2 3. 
4 



Hence Extj/g ^y ^{M{V,5),M{T,6)) = by the Auslander-Reiten formula 
in mod J{Qr, Wr), since the non-zero morphism from M{T, 6) to t{M{T, 5)) 
= M{T,5[1]) factors through the injective module I^. But after applying 
a flip along 5, we get Extr {M [V , 6) , M (V , 6)) ^ which implies that 

Similar as in Theorem 5.1, we can study the extensions of two different 
curves by their intersections in {S,M). 

Proposition 5.3. Let 7, 6 be two different curves in {S, M), then Ext^(7, 5) / 
0/Exti(5,7) i/ 1(7,(^)7^0. 

Proof. We only consider one of the intersections of 7 and 5. After some flips 
(if needed), there is a triangulation V such that u;(r', 7) and w{r' , 5) share a 
common subword (associated to the intersection) w = Tj-^ ■ ■ ■ Tj^ with s > 1, 
see the following picture 




where either tjq or tj_-^ might be a boundary arc, and one of tj^^-^ and tj^^^ 
can also be a boundary arc. Hence w{T' , 7) and w{T' , 6) are of the form: 

of 

W{T',J) =A- Tj^^ ^ Tj^ ^^ Tj^ 4 Tj^^, - B, 

D. 



w{r',6) = C - Tjo 4 r,-, ^^ Tj^ /- T^ 
Consider the following two strings: 



Js+2 



U;(r', 7') = C - Tjo 4 Tj, '^ Tj^ 4 Tj-^+i - B, 

w{r', 7") =A- Tj_, ^ Tj, <^ Tj^ 4 r,-^+2 - D, 
where 7' and 7" are given by following picture 
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then there is a non-spht exact sequence in mod J{Qr', Wr' 



M{T',5) 



-^ M(r',7) '^ M(r',7') e M(r',7" 

where / sends the factor string wq 

as substring of w{T',y) and g identifies the factor string wi 
Tj^ <~^ Tj^ as substring of w{T' ,'^"). Therefore 



0. 



■^ii '•^ '^js -^ Tjs+i -B of w{r', 7) to Wo 

A - r,. f 



Ext 



1 
J(Qr'-^r') 



.(M(r',5),M(r',7))/o 



which implies that Extc((5, 7) 7^ 0, and since C is 2-Calabi-Yau, we have 
Ext^ (7, (^) = DExt^ ((^,7)^0 D 

The above proposition and Corollary 4.6 imply: 

Corollary 5.4. Xei 7, (5 he two different internal arcs in {S,M), then 
Ext(j(7, 6) = if and only if 1(7, S) = 0. 

Corollary 5.5. There is a bijection between triangulations of(S,M) and 
cluster-tilting objects of Cts.M) ■ ^^ particular, each indecomposable object 
without self- extensions is reachable from the cluster-tilting object Ty (the 
initial cluster-tilting object). 

Proof. Corollary 4.6 implies that each triangulation of {S, M) yields a cluster- 
tilting object in C(^s,M)- Hence it suffices to prove that each cluster tilting 
object T = Ti © • • • © T„ gives a triangulation of {S, M). By Theorem 5.1, 
we can assume T = ri © • • • © r„ where each tj is an internal arc in (S", M) 
corresponding to Tj. The definition of a triangulation and the above corol- 
lary yield a unique triangulation Fy = {ri, • • • ,Tn,Tn+i, • • • ,Tn+m} where 
Tn+i, • • • , Tn+m are boundary arcs in (5, M). D 
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